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Abstract 

Stochastic processes on totally disconnected topological groups are 
investigated. In particular they are considered for diffeomorphism 
groups and loop groups of manifolds on non-Archimedean Banach 
spaces. Theorems about a quasi- invariance and a pseudo-differentiability 
of transition measures are proved. Transition measures are used for 
the construction of strongly continuous representations including ir- 
reducible of these groups. In addition stochastic processes on gen- 
eral Banach-Lie groups, loop monoids, loop spaces and path spaces 
of manifolds on Banach spaces over non- Archimedean local fields also 
are investigated. 



1 Introduction. 



This part is the continuation of the previous two |15|, 0, where stochastic 
processes on Banach spaces over local fields and stochastic antiderivational 
equations on them were investigated. This part is devoted to stochastic 
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processes on a totally disconnected topological group which is complete, sep- 
arable and ultrametrizable. In particular stochastic processes on diffeomor- 
phism groups and loop groups of manifolds on Banach spaces over a local 
field are considered. These groups were defined and investigated in previ- 
ous articles of the author |l^, |2^, These groups are non- locally 
compact and for them the Campbell-Hausdorff formula is not valid (in an 
open local subgroup). In this article topological groups satisfying locally the 
Campbell-Hausdorff formula also are considered. 

Finite-dimensional Lie groups satisfy locally the Campbell-Hausdorff for- 
mula. This is guarantied, if to impose on a locally compact topological 
Hausdorff group G two conditions: it is a C°°-manifold and the following 
mapping {f,g) ^ f ° 9^^ from G x G into G is of class C°°. But for infinite- 
dimensional G the Campbell-Hausdorff formula does not follow from these 
conditions. Frequently topological Hausdorff groups satisfying these two con- 
ditions also are called Lie groups, though they can not have all properties of 
finite-dimensional Lie groups, so that the Lie algebras for them do not play 
the same role as in the finite-dimensional case and therefore Lie algebras are 
not so helpful. If G is a Lie group and its tangent space TgG is a Banach 
space, then it is called a Banach-Lie group, sometimes it is undermined, that 
they satisfy the Campbell-Hausdorff formula locally for a Banach-Lie algebra 
TgG. In some papers the Lie group terminology undermines, that it is finite- 
dimensional. It is worthwhile to call Lie groups satisfying the Campbell- 
Hausdorff formula locally (in an open local subgroup) by Lie groups in the 
narrow sense; in the contrary case to call them by Lie groups in the broad 
sense. 

In this article also theorems about a quasi-invariance and a pseudo- 
differentiability of transition measures on the totally disconnected topolog- 
ical group G relative to the dense subgroup G' are proved. For measures 
on Banach spaces over locally compact non- Archimedean fields their quasi- 
invariance and pseudo-differentiability were investigated in |TE| (see also 



for diffeomorphism and loop groups, but for measures not related 
with stochastic processes). In each concrete case of G it its necessary to 
construct a stochastic process and G'. Below path spaces, loop spaces, loop 
monoids, loop groups and diffeomorphism groups are considered not only for 
finite-dimensional, but also for infinite-dimensional manifolds. 

In particular, loop and diffeomorphism groups are important for the de- 
velopment of the representation theory of non-locally compact groups. Their 
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representation theory has many differences with the traditional represen- 
tation theory of locally compact groups and finite-dimensional Lie groups, 
because non-locally compact groups have not C*-algebras associated with 
the Haar measures and they have not underlying Lie algebras and relations 
between representations of groups and underlying algebras (see also |2^). 

In view of the A. Weil theorem if a topological Hausdorff group G has 
a quasi-invariant measure relative to the entire G, then G is locally com- 
pact. Since loop groups {L^'^ N)^ are not locally compact, they can not have 
quasi- invariant measures relative to the entire group, but only relative to 
proper subgroups G' which can be chosen dense in (L^'^N)^, where an index 
^ indicates on a class of smoothness. The same is true for diffeomorphism 
groups. 

In this article classes of smoothness of the type C" by Schikhof are used. 
We recall shortly their definition. Let K be a local field, that is, a finite 
algebraic extension of the p-adic field Qp for the corresponding prime number 



p 1^21]. For 6gR, 0<6<1, we consider the following mapping: 

for C 7^ 0, jfc(O) := 0, such that jb{*) : K Ap, where K C Cp, Cp 
denotes the field of complex numbers with the non-Archimedean valuation 
extending that of Qp, := Ap is a spherically complete field 

with a valuation group {|x| : 7^ a; G Ap} = (0, 00) C R such that Cp C Ap 
[0, |3^. Then we denote := x for each x G K. Let us consider 

Banach spaces X and Y over K. Suppose F : U —>■ Y is a mapping, where 
[/ C X is an open bounded subset. The mapping F is called differentiable if 
for each C G K, x G f/ and h & X with x + (h & U there exists a differential 
such that 



(1) DF{x, K) := dF{x + (:h)/dC |c=o:= lim{F(x + Ch) - F{x)}/C 

and DF{x,h) is linear by h, that is, DF{x,h) =: F'{x)h, where F'{x) is a 
bounded linear operator (a derivative). Let 

(2) h; () := {F{x + (h) - F{x)}/C 

be a partial difference quotient of order 1 for each x + (h & U, (h 0. 
If h] () has a bounded continuous extension onto U x V x S, 
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where U and V are open neighbourhoods of x and in X,U + VgU, 
5 = 5(K,0, l),then 

(3) \\^'F{x;h;0\\ := sup \\^'F{x;h;0\\Y < oo 

(xeu,hev,c&s) 

and ^^F{x; h;0) = F'{x)h. Such F is called continuously differentiable on 
U. The space of such F is denoted C(l, t/ —>■ Y). Let 

(4) $^F(x; /i; C) := + C/^) - F(^))/MC) e >Ap 

be partial difference quotients of order b for < b < 1, x + (h ^ U, (h ^ 0, 
:= F, where is a Banach space obtained from Y by extension of a 
scalar field from K to Ap. By induction using Formulas (1 — 4) we define 
partial difference quotients of orders n + 1 and n + b: 

(5) $"+iF(a;;/ii,...,/i„+i;Ci,...,Cn+i) : = 

{$"F(X + Cn+lhn+l] hi, .., hn, Cl, -, Cn) - hi, hn, 

Ci, Cn)}/Cn+i and (^^^^F) = $^($"F) 

and derivatives F^") = (F^"-^))'. Then C{t,U ^ Y) is a space of functions 
F : U ^ Y for which there exist bounded continuous extensions <I>^F for 
each X and x + Ci/^j G U and each < f < t, such that each derivative 
F'^^^x) : X'' ^ Y is a continuous /c-linear operator for each x E U and 
< /c < [t], where < t < oo, /ij G V and ^ -S", [t] = n < t and {t} = b 
are the integral and the fractional parts of t = n + 6 respectively. The norm 
in the Banach space C{t,U — > Y) is the following: 

(6) ||F||c(t^[/^y) := SUp(^x,x+CihieU-M&V-,i:ieS-,i=l,...,s=[v]+sign{vy,Q<v<t) 

||($^F)(x;/ii,..,/i,;Ci,...,C)llFAp, 

where < t G R, sign{y) — —1 for y < 0, sign{y) — ior y — and 
sign{y) = 1 for y > 0. 

It is necessary to note that there are quite another groups with the same 
name loop groups, but they are infinite-dimensional Banach-Lie groups of 
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mappings f : M ^ H into a finite-dimensional Lie group H with the point- 
wise group multiphcation of mappings with values in H. The loop groups 
considered here are geometric loop groups. 

On the other hand, representation theory of non-locally compact groups 
is little developed apart from the case of locally compact groups. For locally 
compact groups theory of induced representations is well developed due to 



works of Frobenius, Mackey, etc. (see |0 and references therein). But for 
non-locally compact groups it is very little known. In particular geometric 
loop and diffeomoprphism groups have important applications in modern 
physical theories (see ^ and references therein). 

Then measures are used for the study of associated unitary representa- 
tions of dense subgroups G'. 



Stochastic antiderivational equations and 
measures on totally disconnected topologi- 
cal groups. 



To avoid misunderstandings we first remind our definitions from |23|, ^ 

2.1. Definitions and Notes. 1. Let X be a Banach space over a local 
field K. Suppose M is an analytic manifold modelled on X with an atlas 
At{M) consisting of disjoint clopen charts {Uj,(f)j), j G A^, Am C N. That 
is, Uj and 4>j{Uj) are clopen in M and X respectively, (pj : Uj (pj{Uj) are 
homeomorphisms, 4>j{Uj) are bounded in X. Let X = co(a,K), where 

(1) Co(a, K) := {x = (x* : i E a)|x* G K, and for each e > the set 

{i : > e) is finite } with 
(2) ||x|| := sup < oo 

i 

and the standard orthonormal base [ci : i E a) [^], a is considered as an 
ordinal due to the Kuratowski-Zorn lemma, a > 1. Its cardinality is called 
a dimension card{a) =: dimj^Cola, K) over K. 

Then C{t,M Y) for M with a finite atlas At{M), card{AM) < ^o, 
denotes a Banach space of functions f : M ^ Y with an ultranorm 

(3) ll/llt = sup \\f\u,\\c{t,u,^Y) < oo, 

is Am 
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where Y := co{(3, K) is the Banach space over K, < t G R, their restrictions 
f\uj are in C(t, Uj — >■ Y) for each j, /? > 1. 

2.1.2. Let X, Y and M be the same as in §2.1.1 for a local field K. We 
denote by Co(t, M — > F) a completion of a subspace of cylindrical functions 
restrictions of which on each chart f\u^ are finite K-linear combinations of 
functions {Qm{xfh)gi\ui '■ i ^ Z^?""^} relative to the following norm: 

(1) ||/||co(t,M^y) := sup I a(m,/* I [/J I J,(t,m), 

i,m,l 

where multipliers Ji{t,m) are defined as follows: 

(2) Ji{t,m) := \\Qrh\ui\\c(t,(i,i{Ui)nK^^K), 

m G Co(a, Qp) with components rrii G Nq, non-zero componets of m are 
mj^, rrii^ with n G N, m := (mj^, rrii^) for each m 7^ 0, Xm '■= {x^'^, x*") G 
K" X, Qo := 1, where Qm is the Amice basis polynomial |jl|. 

2. 1.3. a. Let be an analytic manifold modelled on Y with an atlas 

(1) At{N) = {{Vk, tpk): ke A^}, such that V'fe : Vfc ^ V'fc(^fc) C Y 

are homeomorphisms, card{AN) < and : M ^ A^ be a C(t')-mapping, 
also card{AM) < ^0, where Vk are clopen in A^, t' > max(l,t) is the index of 
a class of smoothness, that is, for each admissible 

(2) e,,,eC,{t\U,,,^Y) 

with * empty or an index * taking value respectively, 

(3) Oij := o 0\u,^p 

where Uij := [Uj fl O^^iVi)] are non-void clopen subsets. We denote by 
(^, M A^) for ^ = t with < t < 00 a space of mappings f : M ^ N 
such that 

(4) f^^^-9,,jeC,i^,U,,,^Y). 
In view of Formulas (1 — 4) we supply it with an ultrametric 

(5) pt{f,g) = sup II/, J - gi,j\\c4i,u,^Y) 
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for each < ^ < oo. 

2.1.3. b. Let M and be two analytic manifolds with finite atlases, 
dirriKM = n G N, 9i j G C(oo, Uj Y) for each 

We denote by CQ((t,s),M ^ N) a completion of a locally K-convex 
space 

(1) {/ G C'.it + sn,M-.N): p^^^'\f, 6) < oo 
and for each e > a set {(/c, m) : ^ |a(m, fij—dij)\Jiit, s),m) > e} is finite } 

relative to an ultrametric 

(2)p(*'^)(/,^?):= sup \aimJt^^~gfj)\J,i{t,s),m), 

i,j,m,k 

where s G Nq, < t < oo, 

(3) J,-((t,s),m) := max || ($^g™|t/J(x; 

(v<[t\+stgn(t)+sn) 

hi, Ci, Cv)\\co{o,Uj-*Y) with 

(4) /li = ... = = ei, /l(n-l)7+l = ... = = e„ 

for each integer 7 such that 1 < 7 < s and for each t> G {[t] + •yn, t + ■jn}. 

2.1.4. For infinite atlases we use the traditional procedure of inductive 
limits of spaces. For M with the infinite atlas, card{AM) = ^^0) and the 
Banach space Y over K we denote by (^, M —>■ Y) for C, = t with < t < 00 
or for ^ = (t, s) a locally K-convex space, which is the strict inductive limit 

(1) M^Y):= str - ind{Cl{i, (f/^ ^ F), Trf , S}, 

where G S, S is the family of all finite subsets of Km directed by the 
inclusion E < F if E C F, := Uj^^eUj (see also §2.4 @]). 

For mappings from one manifold into another / : M — > we therefore 
get the corresponding uniform spaces. They are denoted by C^{^, M —>■ N). 

We introduce notations 

(2) Gi{^, M) := Cl{i, M ^M)n Hom{M), 

(3) Dtffi^, M) = C\i, M^M)n Hom{M), 

that are called groups of diffeomorphisms (and homeomorphisms for < t < 
1 and s = 0), 6 = id, id{x) = x for each x G M, where Hom{M) := {/ : 
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/ e C{0, M ^ M), / is bijective , /(M) = M, f and /"^ G C(0, M ^ M)} 
denotes the usual homeomorphism group. For s = we may omit it from 
the notation, which is always accomplished for M infinite-dimensional over 
K. 

2.2. Notes. Henceforth, ultrametrizable separable complete manifolds 
M and N are considered. Since a large inductive dimension Ind{M) = 
(see Theorem 7.3.3 ^), hence M has not boundaries in the usual sense. 
Therefore, 

(1) At(M) = {([/„ 0,): jGAm} 

has a refinement At'{M) which is countable and its charts (f/j, (p'j) are clopen 
and disjoint and homeomorphic with the corresponding balls B[X,yj,fj), 
where 

(2) 0; : U; ^ BiX, y'^, f^) for each j G A'm 

are homeomorphisms (see ^). For M we fix such y4t'(M). 

We define topologies of groups Gi{^,M) and locally K-convex spaces 
C*(^,M —>■ Y) relative to At'{M), where Y is the Banach space over K. 
Therefore, we suppose also that M and are clopen subsets of the Banach 
spaces X and Y respectively. Up to the isomorphism of loop semigroups (see 
below their definition) we can suppose that Sq = G M and yo = E N. 

For M = M \ {0} let At{M) consists of charts {Uj,(j)j), j G Am, while 
At'{M) consists of charts {Up(j)'j), j G A'^, where due to Formulas (1,2) we 
define 

(3) Ui = Ui \ {0}, 01 = (pilui', Uj = Uj and 0j = (pj for each j > 1, 

G f/i. Am = Am, U\ = U[ \ {0}, 0^ = 0;|^^, U' , = U; and 0',. = 0;. 
for each j > 1, j G A'm = A'm, U[ 3 0. 

2.3. Definitions and Notes. 1. Let the spaces be the same as in §2.1.4 
(see Formulas 2.1.4.(1-3)) with the atlas of M defined by Conditions 2.2.(3). 
Then we consider their subspaces of mappings preserving marked points: 

{l)C',{^,{M,So)-^{N,yo)):={feC',i^,M^N): lim $^(/- 
9){so; hi, ...,hk;Ci, ■■■Xk) = for each v G {0, 1, [t],t}, k = [v] + sign{v}}, 
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where for s > and C, = {t,s) in addition Condition 2.1.3.b.(4) is satisfied 
for eacli 1 < 7 < s and for each f G {[t] + nj, t + nj}, 
and the following subgroup: 

(2) Go(e,M) := {/ e Gi(e,M) : f{so) = so} 

of the diffeomorphism group, where s e Nq for dimj^M < and s = for 

With the help of them we define the following equvalence relations K^: 
fK^g if and only if there exist sequences 

{^neGoi^M) : neN}, 

{/„ G Co^e, M ^ iV) : nGN} and 
{gn e Co(C, M -> iV) : n G N} such that 
(3) fn{x) = gn{i>n{x)) for each x e M and lim = / and hm = g. 

n—*oo n— »oo 

Due to Condition (3) these equivalence classes are closed, since {g{ip{x)y — 
g'{il){x))il)'{x)^ ip{s{)) = So, g'iso) = for t + s > 1. We denote them by 
< / >K,^- Then for G< / >k,^ we write gK^f also. The quotient space 
Co'(e, (M,so) ^ {N,yo))/K^ we denote by l^^(M,iV), where e{M) = {yo}. 

2.3.2. Let as usually A VS := A x {60} U {ao} x S C >1 x S be the wedge 
product of pointed spaces {A, oq) and {B, bo), where A and B are topological 
spaces with marked points ^ A and bo G -B. Then the composition g o f 
of two elements f,g E Cq(^,(M, sq) ^ {N,yQ)) is defined on the domain 
M y M\{so X So} =: M y M. 

Let M = M \ {0} be as in §2.2. We fix an infinite atlas At'{M) := 
{{Uj, (t>' j) '■ j e N} such that 0'^ : C/j — > -B(X, y^, r'j) are homeomorphisms, 

hm r'j(fc) = and hm y' = 

for an infinte sequence {j{k) G N : /c G N} such that c/M[Ufcli f^j(fc)] is a 
clopen neighbourhood of in M, where cImA denotes the closure of a subset 
Ain M. In M V M we choose the following atlas At'{M V M) ^ {{Wi, ^i) : 
I G N} such that :Wi ^ B{X, zi,ai) are homeomorphisms, 

lim auk) — and lim zkja — 
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for an infinite sequence {l{k) eN : k E N} such that c/jgvM[Ufcli ^i(k)] is a 
clopen neighbourhood of x in M V M and 

card(N \ {l{k) :keN})^ card{N \ {j{k) : k e N}). 

Then we fix a C(oo)-difTeomorphisms x '■ M V M ^ M such that 

(1) x{Wi(k)) = Uj(k) for each /c e N and 

(2) x{Wi) = U'^^i) for each / G (N \ {l{k) : k G N}), where 
(3) «: : (N \ {l{k) : A; G N}) ^ (N \ {j{k) : A; G N}) 
is a bijective mapping for which 

(4) < a^k)/r'j{k) < P and < ai/r'^{i) < p. 

This induces the continuous injective homomorphism 

(5) X* ■■ C'oiC, {MVM, soxso) ^ (TV, yo)) ^ C'^i^, (M, so) ^ (N, yo)) such that 

(6) X*{9\/f){x) = {9\/f){x-\x)) 

for each x G M, where {g V /)(?/) = f{y) for y G M2 and ((? V — g{y) 

for y e Ml, M^^y M2 = My M, Mi = M ior i = 1, 2. Therefore 

(7)^o/:= x*(^V/) 

may be considered as defined on M also, that is, to g o f there corresponds 
the unique element in Cq{^, (M, sq) {N, yo))- 

2.3.3. The composition in Q^(M, N) is defined due to the following 
inclusion go f e C^{C,{M,so) {N,yo)) (sec Formulas 2.3.2.(1-7)) and 
then using the equivalence relations (see Condition 2.3.1.(3)). 

It is shown below that il^{M,N) is the monoid, which we call the loop 
monoid. 

2.4. Note. For each chart {Vi,ipi) of At{N) (see Equality 2.1.3.a.(l)) 
there are local normal coordinates y — {y^ : j E (3) E B{Y,ai,ri), Y = 
Co(/3,K). Moreover, TVi = ViXY, consequently, TN has the disjoint atlas 
At{TN) = {{Vi X X^ijji X I) : i E An}, where ly : Y ^ Y is the unit 
mapping, A^r C N, TN is the tanget vector bundle over N. 
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Suppose V is an analytic vector field on N (that is, by definition V\v, are 
analytic for each chart and V oip^^ has the natural extension from tpiiVi) on 
the balls B{X, ai, ri)). Then by analogy with the classical case we can define 
the following mapping 

expy{zV) = y + zV{y) for which 

d'^expy{zV{y))/dz^ = 

(this is the analog of the geodesic), where ||^(|/)||y|-2| < for y G and 
ipi{y) is also denoted by y, z G K, V{y) G Y. Moreover, there exists a 
refinement At" (N) = {{V"i,ilj"i) : i G A"Af} of At{N). This At" {N) is 
embedded into At{N) by charts such that it is also disjoint and analytic and 
are K-convex in Y. The latter means that Xx + {1-X)y G ijj"i{V"i) 
for each x, y G ip" i{V"i) and each A G B(K, 0, 1). Evidently, we can consider 
expy injective on V"i, y G V"i. The atlas At" (N) can be chosen such that 

{expy\v",):V''iXB{Y,0,n)^V'\ 

to be the analytic homeomorphism for each i G A"m, where oo > fj > 0, 

y e v\, 

expy:{{y}xB(Y,0,n))^V\ 

is the isomorphism. Therefore, exp is the locally analytic mapping, exp : 
TN N, where TN is the corresponding neighbourhood of N in TN. 
Then 

(1) 7>Cf (e, M^N)^{ge M ^ T7V) : TT^ o y = /}, 

consequently, 

(2) (e, M ^ TAT) = U TfCtii, M^N)= TC^i^, M ^ N), 

fecS{i,M-'N) 

where tin '■ TN N is the natural projection, * = or * = (0 is omitted). 
Therefore, the following mapping 

(3) u,,, : TfC'^it M^N)^ Cl{i, M ^ N) 

is defined by the formula given below 

(4) uJexp{9{x)) = expf^^) ogix), 
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that gives charts on C^{C,, M — > A^) induced by charts on M TN). 

2.5. Definition and Note. In view of Equahties 2.4.(1,2) the space 
C^(^,M N) is isomorphic with C^(^, (M,so) (iV,yo)) x N^, where 
I/O = is the marked point of A^. Here 

d 

(1) ■=N® ((g) L^{X^ Y)) for t e Nq with t + s > 0; 

i=i 

(2) = N hi t + s = 0; 

d 

(3) iV« = AT ® ((g) L^{X^ Y)) ® C°(0, ^ Fa) for t G R \ N, 
i=i 

where is with the product topology, d = [t] for ^ = t, d = [t] + na 
for ^ = (t, s) with a = dimj^M < Kg, when s > 0, k = d + sign{t}, 
:= co(/5. A), A is the least subfield of Ap such that A D K U j{t}(K) 
(see §2.1 ||23[). Then L^{X^ F) denotes the Banach space of continuous 
j-linear operators /-,■ : —>■ Y with 

(4) ||/illL,(x^-^y) := sup ||/j|U and 

i,m 

(5) lim ||/j|U = 0, where 

i+\m\+k—KX) 

(6) ||/j|U:= sup \\f;{h,...,h,)\\YJ'{^,m)/{\\h\\x...\\h,\\x), 

:= spK{ei, ...,efc) ^ X is a K-linear span of the standard basic vectors, 
m = (mi, ...,mk), \m\ = rui + ... + rrik, k e N; hi = ... = hm^,...,h„i^^_-^+i = 
... = hm^ for s = 0; in addition Condition 2.1.3.b.(4) is satisfied for each < 
7 < s, when s > 0; / = (/o, /i, /„ ...) G A^«, f]qr = /„ /j : ^ K, 

J'(e,m):= |9™Q„(x)U=o|k 
(see §2.2 pi and Equations 2.1.2.(1-5), 2.1.3.b.(l-3)). 



2.6. Definitions. A function / : K — »• C is called pseudo-differentiable 
of order 6, if there exists the following integral: 

(1) PD{bJ{x)) := Jjifix) - f{y)) x g{x,y,bMdy), 
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where g{x,y,b) : = | x — y with the nonnegative Haar measure v and 

6 G C (see also §2.1 [Q). We introduce the following notation PDc{b, f{x)) 
for such integral by B(K, 0, 1) instead of the entire K. 

2.7. Definitions. Let G be a topological Hausdorff semigroup and 
(M,R) be a space M of measures on {G,Bf{G)) with values in R, where 
Bf{G) denotes the Borel a-algebra of G. Let also G' and G" be dense 
subsemigroups in G such that G" C G' and a topology T on M is compatible 
with G', that is, fi ^ is the homomorphism of (M,R) into itself for 
each h G G', where := fi{h o A) for each A G Bf{G). Let T be the 
topology of convergence for each E G Bf{G). If /i G (M, R) and Hh ^ jJ^ are 
the equivalent measures for each h & G' then /i is called quasi-invariant on 
G relative to G'. We shall consider fi with the continuous quasi-invariance 
factor 

(1) Pti{h,g) := fih{dg)/n{dg). 

If G is a group, then we use the traditional definition of fih such that yUfe(v4) : = 
l2{h-^oA). 

Let S{r,f) = g{r, f) be a curve on the subsemigroup G", such that 
5(0, /) = / and there exists dS{r, f)/dr G TG" and dS{r, f)/dr\r=o =: Af G 
TfG" , where r G -B(K, 0, R), oo > R > 1. Then a measure /z on G is called 
pseudo-differentiable of order b relative to S if there exists PDc{b, S{r, fi){B)) 
by r G fi(K,0,l) for each 5 G fi/(G), where ^(r,/i)(5) := fi{S{-r,B)) for 
each i? G Bf{G). A measure is called pseudo-differentiable of order b if 
there exists a dense subsemigroup G" of G such that /i is pseudo-differentiable 
of order b for each curve S{r, f) on G" described above, where 6 G C. 

Naturally Definitions 2.7 have generalizations, when G is a topological 
manifold on which a topological group (or a semigroup) G' acts continuously 
from the left G' x G 3 {g, x) t-^ gx e G. 

2.8. Note. Now let us describe dense loop submonoids which are neces- 
sary for the investigation of quasi-invariant measures on the entire monoid. 
For finite At{M) and i = (t, s) let Gj|;-}(^,M ^ F) be a subspace of 
Cq{^, M Y) consisting of mappings / for which 

(1) 11/ -^llc» ,,«,M^Y) := sup |a(m,f |c;J|K^i(^,m)/(^'") < oo and 

i,m,j 

(2) hm sup|a(m,/V,)|KJ,(e,m)/(^'™) = 0, 

«+|m|+C'ra(m)— >oo j 
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where k{i,m) := c' x i + c x (|m| + Ord{m)), d and c are non-negative 
constants, |m| := 

Ord{m) := max{z : > and mi = for each / > i} 

(see also Formulas 2.1.2.(2) and 2.1.3.b.(3)). 

For finite-dimensional M over K this space is isomorphic with Cq |j,/}(C; M 
Y), where k'{i,m) = c' x i + c x \m\. For finite-dimensional Y over K 
the space Cq|^|(^,M Y) is isomorphic with Cq|^„|(^,M — > F), where 
k"{i,m) = c X (|m| + Ord{m)). For c' = c = this space coincides with 
C^{^, M ^Y) and we omit {k}. 

Then as in §2.3 we define spaces C*q |j;.|(^, (M, sq) — * (A^, 0)), groups 

(3) G^^\i, M) := C^;^^,}(e, M M) n iJom(M), 

(4) gS'=>(^, M) := {i, e GW(e, M) : ^(.o) = ^o} 

and the equivalence relation K^^^k} in it for each M and from §2.1 and 
§2.2. Therefore, 

(5) G' := nf\M, N) =: C°{,}(e, (M, So) - (iV, 0))/ir^,|,| 

is the dense submonoid in Q^{M, N). 

2.9. Note and Definition. For a commutative monoid Q^{M,N) with 
the unity and the cancellation property (see ||2^) there exists a commutative 
group L^{M, N) equal to the Grothendieck group. This group is the quotient 
group -F/B, where F is a free Abelian group generated by Vt^{M,N) and B 
is a closed subgroup of F generated by elements [f + g] — [/] — [g], f and 
g G Q^{M, N), [f] denotes an element of F corresponding to /. The natural 
mapping 

{l)^:n^iM,N)^L^{M,N) 

is injective. We supply F with a topology inherited from the Tychonoff 
product topology of fl^{M, N)'^, where each element z of F is 

(2)^ = E^/,4/]' 
/ 

n/,^ G Z for each / G ^^(M, iV), 

/ 
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In particular [nf] — n[f] G B, where 1/ = /, n/ = / o (n — 1)/ for each 
1 < n e N, f + g := f o g. We call L^{M, N) the loop group. 

2.10. Note. Let nf\M, N) be the loop submonoid as in §2.8 such that 

c > and c' > 0. Then it generates the loop group G' := Lf^\M, N) as in 
§2.9 such that G' is the dense subgroup in G = L^{M, N). 

2.11. Remcirks. Let M be a manifold on the Banach space X with an 
atlas At{M) consisting of disjunctive charts {Uj,(f)j), j G A, A C N, where 
Uj and (j)j{Uj), arc clopen in M and X respectively, : Uj — >■ (t>j{Uj) is 
a homeomorphism, also <pj{Uj) = B{X, ball in X with a radius 
< r j < oo for each j. 

For A = a;o we define a Banach space 

C4t,M^X) := {f\u^ G C,it,Uj^X),\\f\\c^^t,M^x) := snpiW f\u,\\c4t,u,^x) 

/min(l,rj)) < oo and {\\f\u,\\c4t,u,^x))/ min(l,rj)) while j oo}, 

where < t < cxd, * = for spaces Co(t, U X), * = or simply is omitted 
for G{t, U X). For the finite atlas At{M) the spaces C^t, U ^ X) and 
G^{t,U — > X) are hnearly topologically isomorphic. By Cf{t,M — > M) for 
< t < oo is denoted the following space of functions f : M ^ M such that 
ifi - Oi) G a(t, M ^ X) for each i G A and = o /, = o 9. We 
introduce the following group 

G{t, M) := Ci^{t, M^M)r] Hom(M), 

which is called the diffeomorphism group (and the homeomorphism group 
for < t < 1), where Hom{M) is the group of continuous homeomorphisms. 
Each function f e Go{t, M ^ X) has the following decomposition: 

f{x)\uj= f{n;x)\ujeiz{n), and {eiz{n){Qm{x)\uj) ■■ 

(ieN,neNo) 

i,n,Ord{m) = n,j} is the orthogonal basis, moreover, 

fn{x)\uj := ^/'(n;x)|[7.ej G Co{t, Uj X), where 

i 

X,in) := {fn{x) : f„\u, e Co{t, Uj ^ X)} 
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is the Banach space with the norm induced from Co(t, M X) such that 

(Ord m=n,m=(m(l),...,m(n)),m(j)£No) 

where Qm{x)\uj = for x E M \ Uj. 

For the manifold M we fix a subsequence {M„ : n G No} of submanifolds 
in M such that M„ Mn+i ^ ...M for each n, dimuMn = I3{n) G N for 
each n G No, Un^n is dense in M, where /3(n) < [3{n + 1) for each n and 
there exists no G N with /3(n) = n for each n > no- 

We take the following subgroup 

G' ■= {/ G ^(t, M) : (f (n; x) - zrf*(n; x)) =: g\n; x) G Co(t„, M„ K) and 

I a{m;g\n;x)\u,) \ J,(tn,m) < c(/)/(™'^'*)}, 

where c(/) > is a constant, v'{m,j,i) = —c'i — c'n — c"j, n = Ord{m), 
c' = const > and c" = const > 0, c" > for A = cuq, t„ = t + for 
< t < oo, > n for each n and liminf„_^oo s{n)/n =: > 1. Then there 
exists the following ultrametric in G': 

dif,id) = sup{| a{m;g\n;x)\u^) \ J,(t„, m)p~'''("^'^'^)} 

m,n,j 

2.12. Note. At first it is necessary to prove theorems about the quasi- 
invariance and the pseudo-differentiability of transition measures of stochas- 
tic processes on Banach spaces over local fileds. We consider two types of 
measures on 00(^^0, K). The first is the g-Gaussian measure 

00 

fJ- = Aij,7,<? ■= <S>l^j(^^^)^ where ^ij{dx^) = C|^^,|-,,^^,,5/|<^^.|-,,-^^.,gt;(rfx^) 
i=i 

(see §2 [0). The characteristic functional of the g-Gaussian measure is 
positive definite, hence is nonnegative (see also §2.6 The second is 

specified below and is the particular case of measures considered in §4.3 [|I5|] . 

Let w be the real-valued nonnegative Haar measure on K with w(i?(K, 0, 1)) = 
1. We consider the following measure /i on 00(^^0, K) 

(i) ^{dx) = <S>'jLi f^j{dx^), where x G 00(0^0, K), x = {x^ : j G Uq), x^ G K, 
X = J2j x^Cj, Cj is the standard othonormal base in Cq^Uq, K). 
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Let now on the Banach space cq := co(a;o,K) there is given an operator 
J G I/i(co) such that Jcj = ViCi with f j 7^ for each i. We consider a 
measure ^^{dx) := fi{x)w{dx) on K, where /j : K — » [0, 1] is a function 
belonging to the space L^(K, 10,11) such that fi{x) = f{x/vi) + hi{x/vi), 
where / is a locally constant positive function, /(x) = J2'jLiCjChBj{x), 
Bj ■= B{K ball in K, Chy is the characteristic function of a 

subset V in K, that is, Chv{x) = 1 for each x e V, Chv{x) = for 
each X & K \ V, Xi := 0, ri := 1, inf^rj = 1, {Bj : j} is the disjoint 
covering of K, 1 > Cj > 0, lim|^|^oo /(a^) = 0, /ij G L^(K,w,R) such that 
ess^ — sup^^j^\hi{x)/ f{x)\ = (5j < 1, X^i'^j < 00 and t'i(K) = 1. Then 
h'ii^S) > for each open subset S in K. There exists a cr-additive product 
measure 

(ii) fij{dx) := Hill f^i{dx^) on the a-algebra of Borel subsets of Cq, since 
the Borel cx-algebras defined for the weak topology of Cq and for the norm 
topology of Co coincide, where fj,i{dx^) := u^dx'^/vi). 

Let A : Co —>■ Co he a. linear topological isomorphism, that is, A and A^^ G 
L(co), then for a measure on cq there exists its image f^A^S) := /i(y4~^S') 
for each Borel subset 5* in cq. In view of Proposition 2.12.2 Lq{co) is the 
ideal in L(co). This produces new g-Gaussian measures (/xj,^,^)^ =: /iAj,yi*7,(j 
and measures of the second type =: A^aj- In view of §2.9 each 

injective linear operator 5" G Lq{co) with -E(co) dense in cq can be presented 
in the form S = AJ. Hence for each such S there exists the cr-additive 
measure fis,s*'y,q and /i^. These measures are induced by the corresponding 
cylinder measures /i/,^,^ or fxj on K^", where / is the unit operator, since Cq in 
the weak topology is isomorphic with K*^'' . Here the algebra U of cylindrical 
subsets is generated by subsets tty'^(A), where A is a Borel subset in K", 
card{V) = n < Kq, C N, ttv : Yli^v^i is the natural projection. 

On the space C^{T, H) = C^{T, K)0H\et S = Si0 S2 and 7 = 7I » 7^, 
where 5*1 is a linear operator on Co(T, K) and 5*2 is a linear operator on 
H, 7^ G Cq(T, K), 7^ G -ff such that the measure fis,"/,q is the product 
of measures ^Si,'y^,q on C*q(T, K) and ^^^ -^2 ^ on H, analogously /i^ is the 
product of measures on Cg (T, K) and on H. With the help of such 
measures on the space Cq(T,H) the stochastic process w(t,u) is defined as 



in 554.2 and 4.3 115 and §3.2 n 



2.13. Let y be a Banach space over the local field K and be a neigh- 
bourhood of zero in Y. Consider either the measure ^s,'y,q or fj,s outlined 
in §2.12. Suppose that in stochastic antiderivational equations 3.4. (i) and 
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3.5. (i) [|I^ mappings a and E be dependent on the parameter y E V, that is, 
a = a(t,u!,^,y) and E = E(t,uj,^,y); moreover, ak,i = ak,i(t,^,y) for each k 
and / in the latter equation, the condition 3.4. (LLC) [|I^] is satisfied for each 
< r < oo with the constant independent from y E V for each y E V. 
Evidently, Equation 3.4. (i) is the particular case of 3.5. (i), when in the latter 
equation the corresponding ao,i and ai^ are chosen with all others ak^i = 
(when k + I 1). Let also 

(i) a, E and ak^i be of class hy y E V such that 
a e C\V, L^in, F, A; C%Br, L%n, F, A; C%Br, H))))) and 
E e C\V, L'?(^], F, A; C%Bn, L{L%n, F, A; C%Bn, H)))))), 
am-i,i e C\V, C\Br,xB{L'^{Q, F, A; C°(S^, H)), 0, R^), L^iH^"'- H))) (con- 
tinuous and bounded on its domain) for each n,l, < R2 < oo and 

lim„^oo supo<K„ \\an-^i,i\\c^v,co{Bji^xB{Li{n,F,x-co(Bn,H)),o,R2),L„(H<S",H))) = for 
each < Ri < R when < i? < oo, or each < Ri < R when R = oo, for 
each < i?2 < C)o; 

(n) ker{E{t,uj,C,,y)) = for each t, ^ and y, also for A-almost every u; 

[Hi) ay{t,u,^,y) and da{t,uj,^,y)/dy G Xo,s(-f^) := {2; : S~^z G ifs} 
and dE{t,uj,^,y)/dy G Lr{H) for A-almost all and each t, ^, y, where 
LTs := : 2; G H^Y.'fLi \zjY < 00} for each < s < 00, := if, with 
s = r = g for iis,'y,q] s = 00 and r = for the measure of the second type /i^, 
Zj are the coordinates of the vector z in the standard base in H; in addition 
for Equation 3.5. (i) 

(iv) dai^kit,^,^,y)/dy G L^+i^riH'^'^^'^^'^; H) for each / and each k with 
either r = g or r = correspondingly. The following theorem states the quasi- 
invariance of the transition measure ;U'^*''o({a; : ^(tQ,u!,y) = 0,C,{t,u,y) G 
A}) =: Ry{A), where Ft,u{0 := ^(t.u.y) - ^{u,uj,y). 

Theorem. Let either Conditions {i — Hi) or [i — iv) be satisfied, then the 
transition measure Py{A) of the stochastic process ^{t, u, y) being the solution 
of Equation either 3.4(i) or 3.5. (i) [Itj and depending on the parameter y G 
V is quasi-invariant relative to each mapping U{y2,y; ^it,ij,y)) := ,^(t, tu, 7/2) 
for each y and y2 & V. 

Proof. The Kakutani theorem (see II. 4.1 [^) states, whether Ofcli «fc 
converges to a positive number or diverges to zero, the measure fj, is absolutely 
continuous or orthogonal with respect to u, correspondingly, where := 
/xft(Pfc(^fc))^^^'^fc('^a;fc), Hk is absolutely continuous relative to z/^, fx = ®klJ^k-i 
I' = ^k^^k, f^k and Uk are probability measures on measurable spaces Xk for 
each G N, pk{x) := fik{dx) / Uk^dx) . In the first case I\kPk{xk) converges 
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in the mean to fi{dx)/i>{dx). In the considered here case let Xk = K for 
each G N. Let fikidx) = Cf{x — y)v{dx), fki^dx) = C f{x)v{dx), where 
V is the non-negative Haar measure on K, / is a positive function such 
that / G L^(K,f, R), C = const > such that z^(K) = 1. Then Pk{x) = 
f{x—y)/f{x) and = j-^{f{x—y)f{x)Y^'^v{dx). For the g- Gaussian measure 
/(x) = j-^exp{—[3\x\'^)x-t{,x)xi{,—zx)v{dx) (see p9[ and §7 [^). If \yx\ < 1, 



then Xiiy^) = 1- Therefore, there is a constant Ci > independent from 
(3 and 7 such that \f{z — y) — f{z)\ < \f{z)\{l + Ciexp{—[3r~'^)) for each 
y with \y\ < r, where (3r^'^ > 1, since due to Cauchy-Schwarz-Bunyakovskii 
inequahty 

exp{-l3\x\'')X'yix)xii-iz - y)x)v{dx)\ < 



\x\>l/r 

exp{-f3\x\'')Xyix)xii-zx)v{dx)\g{y,z) < \ f{z)\g{y, z), 

\x\>l/r 

where g{y,z) := \ J^,^^^^/,. exp{-/3\x\'')xjix)xii-zx)xii2yx)v{dx)\. Let \yj/vj\ 
Tj < 1 for each j > Jq, then |aj — 1| < Cexp{—PjrJ'^) for each j > Jq, 
where C = const > 0. In view of Proposition 2.12.2 [|T^] and the Kaku- 
tani theorem fJ's,-y,q equvalent to yU5,7,g for each z G Xo,q(Co(T, if)), where 
/i^(y4) := fj,{A — z) for each Borel subset A in Cq{T,H), that is, fis,'r,q is 
quasi- invariant relative to shifts z G Xo,g(CQ (T, ii)). 

For the measure fij and \y\ < l/\v\ there is the equality /((x — y)/v) = 
f{x/v) for each a; G K and 7^ f G K. In view of the definition of fk 
there is the equality pfc(a^) = fk{x-yk)/ fk{x) = [f{{x-yk)/vk)/f{x/vk)][l + 
hk{{x -yk)/vk)/ f{{x -yk)/vk)]/[l + hk{x/vk)/ f{x/vk)]. \i\yk/vk\ < 1, then 
f{{x — yk)/vk)/f{x/vk) = 1 for each x G K. From the conditions imposed on 
hk and / and the Kakutani theorem and Proposition 2.12.2 |T5[ it follows, 
that fis is quasi- invariant relative to shifts z G Xo,oo(C'o -^))- 

The quasi-invariance factor p{z,x) := fi^ (dx) / fi{dx) is Borel measurable 
as follows from the construction of n and the Kakutani theorem and the 
Lebesgue theorem about majorized convergence (see §2.4.9 [§), since this is 
true for each its one-dimensional projection. The Banach theorem states: if G 
is a topological group and A C G is a. Borel measurable set of second category, 
then A o A~^ is a neighbourhood of unit (see §5.5 Q). The quasi-invariance 
factor satisfies the cocycle condition: p{z + h,x) = p{z,x — h)p{h,x) for 
each z and h G Xo^s{Cq{T, H)) and each x G Cq{T,H). Therefore, in view 
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of the Lusin theorem (see §2.3.5 P) p{z,x) := fj,^ (dx) / fi{dx) is such that 
/^(Wl) = 1 for each finite-dimensional subspace L in Xo^s{Cq(T, H)), where 
either fx = fJ'S,'r,q or /i = fis, := {x : p{z,x) is defined and continous by 
zEL}. 

In view of the preceding consideration hm^^oo p{PnZ, x) = p{z, x) for 
/i-almost all x G Cq{T,H), moreover, this convergence is uniform by z in 
each ball B{L, 0, c) for each finite-dimensional subspace L in Xq^s{Cq{T, H)), 
where P„ is a projection on a subspace sp-K^ei, e„) = K", where {e^ : j} is 
the orthonormal base in Xq s{CoiT, H)). Evidently, Xq s{Cq(T, H)) is dense 
in C^{T,H). 

Stochastic antiderivational Equation 3.4. (i) [|16] is the particular case of 
3.5. (i). Therefore, it is sufficient to consider the latter equation. Below it is 
shown, that the one-parameter family of solutions C,{t,u, y) is of class by 
y eV. Let Xo{t,y) = x{y),..., 

oo m 

X„{t, y) = x{y) + Y^{Pub+^-iMu,uy [am-i+bA'^^ Xn-i{u, y),y)o 

m+b=l 1=0 

consequently, 

Xn+iit,y) - Xnit.y) = 

oo m 

H ^iPub+m-i,^(u,ujy [am-i+b,i{u, Xniu, y),y)- am-i+b,i{u, Xn-i{u, y),y)] 

m+b=l 1=0 

where tj = (Jj{t) for each j = 0, 1, 2, for the shortening of the notation Xn, 
X and ai^k are written without the argument u, a and E are written without 
their variables. Then 

Msup \\Pub+m-i^^(u,ujy[am-i+bA'^^ X^iu, y),y)- 
y 

a'm-l+b,liu,Xn-l{u,y),y)]\(^BR^xB(Lifl,R2)xV) ° ( 

(Msup||X„(M,|/)-X„_iKi/)r)(Msup||a|r-')(Msup||E||'), 
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where X„ G Cq^Bh, H) for each u, y ^ V and for each n, K is the same 
constant as in §3.4, 1 < g < oo. On the other hand, 

oo m 

Xi{t,y) = x{t,y) + J2(^u>'+^-'Mn,u^y\.^rn-i+b,iiu,x{u,y),y)o 

m,+b=l 1=0 

consequently, 

\\X,{t,y)-Xoit,y)r < 
snpi\\P^,+rn-^,^^^,^y[arn--iMu,xiu,y),y) o {I'^' ^ 

m,l,b 

Due to Condition {ii) for each e > and < i?2 < cxd there exists -Be C -Br 
such that 

Ksnp{\\P^t+,^-i^^^u,u.y\BAan,-l+bAu,*,y)\{B,xB{L'>,0,R,)xvA^ 
m,l,b 

=: c < 1. On the other hand, the partial difference quotient has the continu- 
ous extension $^(X„+i — X„)(?/; h; (), that is expressible through of a; fc, 
a and E, and also through a^^^, a and -E themselves, where y E V, h E Y , 
C e K such that ?/ + £ ^, since analogous to {Xn+i — Xn) estimates 
are true for $^(X„+i — X„). Therefore, there exists the unique solution 
on each and it is of class by y G V, since sup„ ^ max(||Xi(M, — 
Xo{u,y)\\Li(n,H),\\^^iXiiu,y) - Xo{u,y))\\Li(n,H) < oo and lim/^ooc'C = 
for each C > 0, hence there exists lim„^oo -^n(^, 1/) = X{t,y) = ^(t,'-^,y)\Bej 
where C := Msup„gs„yeFmax(||Xi(M,?/) - Xo(M,?/)||^,(f^ j:^), \\^\Xi{u,y) - 
Xq{u, — ('^ + l)-^ < '^^^^ -^e is arbitrary ball of radius e in 

t G 5,. Therefore, ^(^,^,2/) e C\V, L<iin,F, X^C^Br, H)). 

From Proposition 3.11 |l^ it follows, that the multiplicative operator 
functional T{t,v]U!]y) is of class by the parameter y E V such that 
^{t,Lj,y) = T{t, v; y)^ {v, u, y) for each t and v E T. 

Due to the existence and uniqueness of the solution ^(t,u!,y) for each 
y E V, there exists the operator U{y2,y; ^(t,u!,y)) := ^(t,Lj,y2), that may 
be nonlinear by ^. The variation of the family of solutions {C,{t,uj,y) : y} 
corresponds to the differential Dy^(t,u,y). Since C,(t,u!,y) is of class by 
y, then U (?/2, y; ^(t,u, y) is of class by y and The operator U (1/2, |/; *) 
has the inverse, since U{y,y2;U{y2,y; ^it,Lj,y))) = C^{t,uj,y) for each y2 and 
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y E V , t E T and u G Q. Therefore, U~^{y2,y; *) is also of class by y2 
and y. In view of Conditions {iii,iv) and ^(t,u!,y2) — ^{t,uj,y) G Xq^s{H). 
On the other hand, either /i 5,7,5 or fis is quasi-invariant relative to shifts 
z G Xo,g(CQ(T, if)) and 5 = 5*1 (g> ^'2 , consequently, the transition measure Py 
is quasi-invariant relative to shifts z G Xq^s{H). In view of Conditions {ii—iv) 
dU{y2, y; rj) / dr] — I G Lj.{H) for each ?/2 and y eV , where 77 G {^(t, cu, y) : y}, 
either r = g or r = respectively. Since ^siC^iT, H)) = 1, then Py{H) = 
1, hence U{y2,y;*) is defined P^-almost everywhere on if for each 7/2 and 
?/ G V^. Therefore, there exists n such that for each j > n the mappings 
V{j;x) := x + Pj{U~^{x) — x) and U{j;x) := x + Pj{U{x) — x) are invertible 
and \mij\detU'x{i]x)\ = \detU'^{x)\ and limj \detV^{j; x)\ = l/\detU'^{x)\, 
where U{x) := U{y2,y; x), y2 and y eV. 

In view of Theorem 3.28 for each y2 and y E V the transition measures 
are equivalent. 

2.14. Theorem. Let Conditions 2.13.(i — iv) he satisfied and let (p be a 

-diffeomorphism of a subset V clopen in K onto the unit ball B(K,0, 1). 
Then 

(1) the transition measure Py corresponding to /i5,7,g is pseudo-differentiable 
by the parameter y = (f){z) of order 6 G C for each Re{h) > 0, where z G V ; 

(2) Py corresponding to Hs with hk such that J2k^k < 00, where 6k : = 
^^PxeB{'K,o,i)\PDc{b,hk{x))\, is pseudo-differentiable by the parameter y = 
(f){z) of order b for each b > 0, moreover, Py is pseudo-differentiable for each 
b E C , when each fk is locally constant, that is, hk = for each A; G N. 

Proof. Up to a constant multiplier the operator PDc{b, h{x)) of §2.7 
coincides with the pseudo-differential operator D^{h{x)ChB{K,o,i}ix)) from 
§9 [^, where CHa is the characteristic function of the subset A in K. If 
ip G L^(K,w,C) and b > 0, then due to the Cauchy-Schwarz-Bunyakovskii 
inequality there exists /k\b(k,x,i)['^(^) ~ 4'{y)]\^ ~ y\~^~'^'^{.dy), where w is 
the Haar nonnegative measure on K. Then F[D^{h{x))] = \x\^F[h{x)], where 
F{h){x) := Jj^ h{y)xi{{x, y))w{dx) is the Fourier transform |29[ (see also 
53.6 |T^). In view of Theorem 7.4 the Fourier transform / ^-^ 



is the bijective continuous isomorphism of L^(K, w, C) onto itself such that 
fix) = lim™/B(K,o,r) miy)Xi{-{y,^)Mdy) and {f,g) = iF[f], F[g]) for 
each f,g E L^(K,w, C). If F[ip]{x) = Cexp{—P\x\'^)x-y{x), then there exists 
D^ip^x) for each 6 > 0. In accordance with Example 4.3.9 X'y{x)'w{dx) = 
for each 7 7^ 0. In view of Example 4.3.10 /q^ |x|"^xi(yx)w((ix) = 



22 



[1 -p'^^l - j9-"(9+i)]-i|y|-"('?+i) for each q e C with Re{q) > and n G 
{1,2,3,...}. 

If / is a locally constant function as in §2.13, then PDc{b,f) exists for 
each 6 G C. On the other hand, PD^{b, f + hk) = PD^{b, f) + PD^{b, hk). 

Let g he a continuously differentiable function : R ^ R such that 
ll5'llci(R,R) ■= ^^Px\9ix)\ +sup^\g'{x)\ < oo, that is G Cfe^(R,R). If for 
/ : K ^ R and a; G K there exists [f{x) - f{y)]\x G L^(K,w,C) 

as the function by y G K, then Jj^[g o /(x) —go f(y)]\x — y\^^^^w{dy) = 
Isif,x)[9 ° f{x) - g o f{y)][f{x) - f{y)]-^[f {x) - f{y)]\x - y\-^-''w{dy), where 
S{f,x) := {y : y E K, /(a;) 7^ f{y)}, consequently, there exists PD{b,g o 
f)ix). 

If instead of g there exists h G C"'^(K,K) such that ||/i||ci(K,K) '■ = 
max(sup^ 1^(2^)1) sup^ y 1; y)\) < 00, that is /i G C^(K, K), then /k[/° 

hix)-fohiy)]\x-y\-^-'widy) = Js^,Jfohix)-fohi^^^^^ 
h{y)\^^^\x —y\^^~^w{dy) exists, hence there exists PD{b, foh){x). Analogous 
two statements are true for the operator PDc instead of PD. 

In view of Equation 9.(1.5) D"D'^^ = D^D'^i) = D'^+^iIj for each 
a 7^ —1, (3^—1 and a + 7^ — 1 for each ■?/' G D' such that there exists D"ip, 
D^ip and D°'~^^tp, where D' is the topologically dual space to the space D of 
locally constant functions (p : K. H. On the other hand, D is dense in D' 
in the weak topology (see §6 |31|). Evidently, n D is dense in L'^(K, w, R) 
also. The characteristic functional of the Gaussian measure belongs to D' and 
is locally constant on K \ {0}. Due to §§7.2 and 7.3 the Fourier transform 
is the linear topological isomorphism of D on D and of D' on D'. Then 
l^s,'y,qidx)/w{dx) G Li(K,w,R) n D' for each g G C^{T,H)*. 

In view of Theorem 4.3 [|l^ and using the Kakutani theorem as in §2.13 
we get the statements of this theorem, since the quasi-invariance factor 
Py{dx) / Pu{dx) is pseudo-differentiable as the function by y of order b for 
each fixed u G i?(K, 0, 1). 

2.15. Theorem. Let G be either a loop group or a diffeomorphism group 
defined as in §§^.5 and 2.11, then there exists a stochastic process iit^u) on 
G which induces a quasi-invariant transition measure P on G relative to G' 
and P is pseudo- differentiable of order b for each 6 G C such that Re{b) > 
relative to G' , where a dense subgroup G' is given in ^^2.10 and 2.11. 

Proof. These topological groups also have structures of C°°-manifolds, 
which are infinite-dimensional over the local field K, but they do not satisfy 
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the Campbell-Hausdorff formula in any open local subgroup Their 
manifold structures and actions of G' on G will be sufficient for the construc- 
tion of desired measures. These separable Polish groups have embeddings as 
clopen subsets into the corresponding tangent Banach spaces Y' and Y in 



accordance with p4| and §§2.1-2.11, where Y' is the dense subspace of Y . 
As usually TG = [J^^qT^G and T^G = {x, Y). 

Let G be a complete separable relative to its metric p C°°-manifold on a 
Banach space Y over K such that it has an embedding into Y as the clopen 
subset. Let tq '■ TG ^ G be a tangent bundle on G. It is trivial, since 
TG = GxY for the considered here case. Let 6 : Zq — > G be a trivial bundle 
on G with the fibre Z such that Zq = Z x G, then Li 2{0, tq) be an operator 



bundle with a fibre Li^2{Z,Y) (see §2.13 ITH]). Let n := tg © Li^2{0,tg) be 



a Whitney sum of bundles r and i^i,2(^, tg)- 

Since G is clopen in F, the valuation group of K is discrete in (0, oo), 
then it has a clopen disjoint covering by balls B{Y,Xj,rj). That is, the atlas 
At{G) of G has a refinement At'{G) being a disjoint atlas. 

On Y consider the measure fis,'y,q or ps as in §2.12. Then in view of 
Theorems 4.3 and 2.2 |jT6| there exists the stochastic process w{t,u)) 
corresponding to ps,-y,q or /ig (see also Definitions 4.2 and 3.2 |T6| ). 
Suppose that / and for each G N defining the measure ps satisfy the 
Conditions of §2.12 and of Theorem 2.14. 

Now let G be a loop or a diffeomorphism group of the corresponding man- 
ifolds over the field K. Consider for G a field U with a principal part (a^, E^^), 
where G T^G and E^j G Li 2{H, T^^G) and ker^Erj) = {0}, 9 : Hq — > G is a 
trivial bundle with a Banach fiber H and Hq := Gx H, Li, 2(6', t^) is an oper- 
ator bundle with a fibre Li^2{H,TjjG) such that {ar^,Er,) satisfies Conditions 
of Theorem 3.4 |T^. For Equation 3.5. (i) ||16[ we take additionally {ai^k)'q for 



each l^k satisfying conditions of Theorem 3.5 [|T6|. To satisfy conditions of 
quasi-invariance and pseudo-differentiability of transition measures theorems 
we choose a^, E^ and {ak,i)r] of class G^ and satisfying Conditions 2.13.(iii,iv) 
hy y := 7] & G' =: V for each fc, I. 

We can take initially /i/,^,^ or pi a cylindrical measure on a Banach space 
X' such that T^G' C X' C T^G. If Ar, is the Lg-operator or the Li-operator 
with ker{Arf) = {0}, then A^j gives the cr-additive measure PAr,,A*z,q or /i^^ 
in the completion of X' with respect to the norm := (see 
also §2.12). 

There exists the solution C,{t, uj, rj) = C,Ti{t, uj) of stochastic antiderivational 
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Equation 3.4. (i) or 3.5. (i) |I6[. When the embedding 6 of T^G' into T^G is 
6 = O1O2 with 6*1 and 62 of class Lq for l^s^^q of class Li for /i^, then 
there exists such that /iA^.A^z,? or /i^^ is the quasi-invariant and pseudo- 
different iable of order h measure on T^G relative to shifts on vectors from 
T^G' (see Theorems 2.13 and 2.14). Henceforth we impose such demand on 
Aj^ for each rj E G'. 

Consider left shifts Lh : G —>■ G such that L^r] := h o rj. Let us take G 
TeG', Ae G Li,,(TeG',TeG) or G (TeG'.TeG) respectively, (afc,,)r, G 
Lfc+i((reG)^('^+'');TeG) for each and each /, where H, TeG' and T^G in 
their own norm uniformities are isomorphic with Co(ci;o,K). Then we put 

= {DLx)ae and A^ = {DLx) o Ae for each x G G, hence ax G TeG and 
A, G {DLx)nG), where {DLx)T,G = T^G and T^G' C TeG, if, := 

{DLx)TeG' , s = q or s = 1. Operators are (strongly) G°°-differentiable 
diffeomorphisms of G such that D^Lh '■ Tj^G — T/j^G is correctly defined, 
since D^Lh = is the differential of h. In view of the choice of G' in G 
each partial difference quotient i>"L/i(Xi, X„; Ci, C„) is of class G° and 
D'^L/, is of class L„+i,,(TG'®"xG', TG) for each vector fields Xi, X„ on G', 
Ci, ••, Cn G K with (jP2{Xj) + h E G' and /i G G', since for each < Z G Z the 
embedding of T'G' into T'G is the product of two operators of the Tg-class 
or the embedding is of the Ti-class, where T°G := G, X = (x,X^) G T^G, 
X G G', Xx G y, Pi(X) = X, P2(X) = Xa;. Take a dense subgroup G' from 
§2.10 or §2.11 correspondingly and consider left shifts Lh for h G G'. 

The considered here groups G are separable, hence the minimal cx-algebra 
generated by cylindrical subalgebras /~^(B„), n=l,2,..., coincides with the a- 
algebra B of Borel subsets of G, where f : G ^ K" are continuous functions, 
B„ is the Borel cx-algebra of K". Moreover, G is the topological Radon space 
(see Theorem 1.1.2 and Proposition 1.1.7 0). Let 

P(to, ^, t, W) := P({^ : e(to, ^) = ^, UJ) G }) 
be the transition probability of the stochastic process ^ for t E T, which is 
defined on a cr-algebra B of Borel subsets in G, G B, since each measure 
f^Ar,,A^iZ,ci is defined on the a-algebra of Borel subsets of T^G (see above). 
On the other hand, T(t,T,u!)gx = gT(t,T,u!)x is the stochastic evolution 
family of operators for each t ^ t E T. There exists the transition measure 
P{to, ip, t, W) such that it is a a-additive quasi-invariant pseudo-differentiable 
of order b relative to the action of G' by the left shifts on /i measure on 
G, for example, to = and ip = e with the fixed to E T (see Definitions 2.6 
and 2.7). 
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2.16. Note. In §2.15 G' is on the Banach space Y' and G on the Banach 
space Y over K such that G' and G are complete relative to their uniformities 
Ug' and Ug- There are inclusions TG' = G' x Y' d G x Y' d G x Y = TG. 
The completion of TG' relative to the uniformity Ug x Uy/ produces the 
uniform space G x Y' . Therefore, each Ug x Uy/-uniformly continuous vector 
field X = {x, X^) on G' has the unique extension on G such that X^ G Y' for 
each X eG (see §8.3 ||), where Ug|g' C Ug'- Thus the Ug x Uy/-C°°-vector 
field X on G' has the Ug x Uy'-C°°-extension on G and it provides the 1- 
parameter group p : K x G — G of C°°-diffeomorphisms of G generated by a 
Ug X Uy/-C~-vector field Xp on G' [l^, |21|, that is, {dp{v, x) /dv)\^,=o = Xplx) 
for each x G G, where w G K, Xp{x) G G x Y'. In view of §2.15 the transition 
measure P is quasi-invariant and pseudo-differentiable of order b relative to 
the 1-parameter group p. 

This approach is also applicable to the case of two Polish manifolds G' 
and G of class G°° on Y' and Y over K. The quasi- invar iance and pseudo- 
differentiability of the measure P on G relative to the 1-parameter group p 
(by the definition) means such properties of P relative to the Ug x Uy'-G°°- 
vector field X on G'. 

Evidently, considering different (a, E) and {ak^i : k, 1} we see that there 
exist c = card(Ti) nonequivalent stochastic (in particular, Wiener) processes 
on G and c orthogonal quasi-invariant pseudo-differentiable of order 6 G C 
with Re{b) > measures on G relative to G'. 

If M is compact, then in the case of the diffeomorphism group its dense 
subgroup G' can be chosen such that G' D Diff{t', M) for dim-f^M = n G N 
and t' = t + s for < t G R, s > nv, v = diniQ^iK.) . Analogously can be 
considered the manifold M C B(K", 0, r) and the group G := Diff{anr, M) 
of analytic diffeomorphisms f : M M having analytic extensions on 
B(K,0,r) with the corresponding norm topology, where r > and r < oo. 
Then there exists the stochastic process ^ on Tf.G such that it generates the 
transition measure P on T^G, its restriction on the clopen subset G embed- 
ded into TgG produces the quasi-invariant and pseudo-differentiable of each 
order 6 G C with Re{b) > measure P\g relative to the dense subgroup 
G' := Dif /{ariR, M) for i? > r > 0, since the embedding T^G' into TgG is of 
class Li (see also §2.17). 

2.17. Theorem. Let G he a separable Banach-Lie group over a local field 
K. Then there exists a probability quasi-invariant and pseudo-differentiable 
of each order 6 G C with Re{b) > transition measure P on G relative 
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to a dense subgroup G' such that P is associated with a non- Archimedean 
stochastic process. 

Proof. We consider two cases: (/) G satisfies locally the Campbell- 
Hausdorff formula; (//) G does not satisfy it in any neighbourhood of e in 
G. The first case permits to describe G' more concretely. There exists the 
embedding of G into T^G as the clopen subset, since G is the Polish group. 
The second case can be considered quite analogously to §2.15, where the 
dense subgroup G' can be characterized by the condition that the embedding 
of TeG' into TeG is 6 = 6162 with 61 and 62 of class Lg or 6 of class Li, where 
s = g or s = 1 for stochastic processes associated either with fis^-y^q or /ig 
respectively. 

It remains to consider the first case. For G there exists a Banach-Lie alge- 
bra g and the exponential mapping exp : V ^ U, where is a neigbourhood 
of in g and f/ is a neighbourhood of e in G such that exp{V) = U, where 
exp{X + Y) = exp{X)exp{Y) for commuting elements X and Y of g, that 
is, [X,Y] = 0, exp{X)Yexp{-X) = exp{ad X)Y, exp{XX) = Ej°lo ^^'^Vj', 

V = B{g,0,r) is a ball of radius < r < cx) in g, A G K, AX G 

g = TeG. The radii of convergence of the exponential and Hausdorff se- 
ries corresponding to log{exp{X).exp{Y)) are positive such that for each 
< R < to a ball B{g,0,R) there corresponds a clopen subgroup 

Gi supplied with the Hausdorff function (see §11.6 and §11.8 0). Therefore, 
the exponential mapping exp supplies G with the structure of the analytic 
manifold over K. By At{G) = {{Uj,(j)j) : j G N} is denoted the ana- 
lytic atlas of N, that is (pj : Uj Vj are diffeomorphisms of Uj onto Vj, 
where Uj and Vj are clopen in G and in g respectively, connecting map- 
pings (pj o are analytic on 0j(f/j ri Uj) C g. Therefore, the exponential 
mapping provides G with the covariant derivation V and a bilinear tensor F 
such that VxY = lVx^ — lT{X, Y)/2, where the left-invariant derivation 
on G is defined by l^xY = for an arbitrary left-invariant vector field 

Y and all vector fields X on G, a vector field Y is called left-invariant if 
TLgY{h) = Y{gh), Lgh := gh for each g,h E G, TLg is the tangent mapping 
of Lg, V xYu = DYu-Xu + Tu{Xu,Yu). For such V the torsion tensor is zero 
(see §1.7 [Q, [|1^] and §14.7 It defines the rigid analytic geometry and 



the corresponding atlas on G. Nevertheless At{G) has the refinement At'{G) 
such that charts of At'{G) compose the disjoint covering of G. 

Let be a an analytic vector field and A^ be an anlytic operator field 
on G such that Ax is an injective compact operator of class Lg for each 
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X G G, since g is of separable type over a spherically complete field K and 



hence isomorphic with co(co'o;K) (see Chapter 5 in [29|), where s = g or 
s = 1. Let Wx{t,uj) be a non- Archimedean stochastic (or, in particular, 
Wiener) process in T^G such that a^t + A^Wxit) G T^G, since the space Cq 
is isomorphic with cq. For a ball Bji := B(K, 0, R) in K for < i? < oo let 
B(K,tj,r) be a disjoint paving for sufficiently small < r < oo for which 
C,^it) = exp^Q ^{a^i ^{t — tk) + A^q ^[w^i ^{t) — w^q ^{tk)]} is defined, where 
^x,k — ^xi^k) for k = 0, ^^(0) = x, q denotes the partition of Br 

into B(K,tj,r). Then there exists the process ^ = limg^'^(t) which is by our 
definition a solution of the following stochastic equation: 

(i) d^{t,uj) = exp^^t,uj){ai^{t,uj)dt + A^(^t,L,)dw{t,uj)} 

for t G Br. a function f(t,x) such that /(t,0 ■= ^^^(t,u))(,(t,^^) satisfies 
the condition of Theorem 4.8 on the corresponding domain W, where 
{t, x) ^ W G T X H . In view of Theorem 4.8 |]TB|] after coordinate mapping 
of a chart {U, 0) this equation takes the following form on g: 



ti) 0(e(t,a;)) = 0(e(to,^)) + (Pn4(,))|„=i + (P . <uu)E)\u=t, 

r.,.)4(9"-^r^(,(.))/5a;-^)o(a^%(«)^(-0^^«^)])|^^ 




where E = A'^^^^^-^, a"^ = {dcj)^/ dx)a^, A^ = {d(j)^/dx)A^{d(j)~^/dx), since 
h'f' = {dg't'/dx)f^ + T'l^^^^U\g'^) for h = VfQ, = {d<P/dx)f, = 
{d(f)/dx)g, h'^ = {d(f)/dx)h, is a bilinear operator of Christoffel in g, which 
has the transformation property D{ip o 0~^).r^(-^-j = D'^{tp o 0^^) + r^j-^-, o 

{D{^ o 0-1) X o 0-1)) such that VxY^ = DY^.X^ + r^(,)(X^, Y^), rj(,) 
denotes F for the chart {U,(j)), ip corresponds to another chart [Vjtp) such 
that U n V ^ 0, f, g and h are vector fields, since [di^ip o (f)~^)/dt] = 0, 
that is Corollary 4.7 is applicable instead of Theorem 4.8 |]T3[ because / 
corresponds to ('0o0~i) (see §1.5 and |^). Since and A^ are analytic. 



then a and E satisfy conditions of Theorem 3.4 |T6[ . 



The function F is analytic on the corresponding domain. On the other 
hand, g is isomorphic with Cq{ujq, K) as the Banach space. If Z is the center of 
g, then arf : g/Z — > gl{co{LUo, K)) is the injective representation, where gl{co) 
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denotes the general linear algebra on cq, ad{x)y := [x,y] for each x,y E g. 
Since Z is commutative it aslo has injective representation in gl{co), conse- 
quently, g has embedding into gl{co{u!o, K), since Cq © Cq is isomorphic with 
Cq. Therefore, each x G g can be written in the form x = ^^'''^i.j, where 
{Xij : i,j G N} is the orthonormal basis of g as the Banach space, x^'^ G K, 
limj+j^oo x^''^ = 0, consequently, g has an embedding into Lo{co{uo, K). Then 
r can be written in local coordinates Xs(ij) '■= x^'\ where s : ^ N is 
a bijection for which limi+j_,oo j) = oo, Xij =: qs{i,j), since {x^Y'^ = 

when X.-^ = {Saj5b,k : a,b e N), ^o0-i(x) = 
Y.sQsafn^"' with G K and lim^+|^|+ord{m)-*oo = 0' since exp{x) has 
a radius of convergence < f = for char(K) = (see Theorem 25.6 
[Pip, where m = (mi,...,mfc), = Ord{m), < mi G Z,..., < mfc_i G Z, 
< G Z, < A; G Z. Evidently, there exists < r < oo such that 
the series for ip o converges in B{co,0,r) for V (1 U 7^ 0. Hence each 
0'm~i,i '■= (9™~^r^^^^/(9™~^x)/m! for m > 2 and ai^o = cto,! = {d(j)/dx) satis- 
fies Condition 3.5. (u) flBl. Due to Theorem 3.5 JTOf there exists the unique 
solution of Equation 3.5. (z). Consider G' corresponding to g' such that the 
embedding 9 of g' into g is of class Li for 01 6 = 6162, where 61 and 62 
are of class Lq for /i 5,7,9 • 

Let T G -^vs(g) or T = T1T2 with Ti and T2 G i^s(g), where s = 1 
or s = g. Consider hi := T(g), h2 := sj9K([hi,g] U hi) and by induction 
h„+i := spK([hn,g] U h„), then h„+i D h^ and h„ is the subalgebra in g for 
each n G N. In view of Proposition 2.12.2 the space Ls{g) is the ideal in L{g). 
Therefore, h := 1J„ h„ is the ideal in g due to the anticommutativity and the 
Jacobi identity. Since K is spherically complete there exists h„+i0h„ =: t„+i 
for each n G N and ti := hi such that In is the K-linear subspace of g (p9|). 
By Co(g, {t„ : n}) =: y is denoted the completion in g of vectors z such that 
z = J2n^n with Zn G tn foT cach u and lim„^oo2;n = 0. Evidently y is the 
proper ideal in g such that h C y, since g is infinite dimensional over K. 
Then the embedding 6 of y into g is either of class Li or = 6162 such that 
9i and 62 belong to Lg. 

Due to this let a and A be such that [ax,y] C y and [Ax,ad{y)] C ad{y) 
for each x G G, where ad{x)g := [x, g] for each x,g & g, that is, ad{x) G L{g). 
If g & y nV, then exp{ad{g)) — / is either of the class Li or the product of 
two operators each of which is of the class Lg. 

There exists a countable family {gj, Wj) : j G N) of elements gj & G\W 
for each j > 1 and clopen subsets e E Wj C W such that gi = e, Wi = 
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W and {gjWj : j} is a locally finite covering of G, since G is separable 
and ultrametrizable (see §5.3 [§). If P is a quasi-invariant and pseudo- 
differentiable of order b measure on a clopen subgroup W relative to a dense 
subgroup W, then P{S) := {EjPiigi^S) H Wj)2-^){j:j PiWj)2-^)-^ for 
each Borel subset S" in G is quasi-invariant and pseudo-differentiable of order 
b measure on G relative to the dense subgroup G' := Uj QjiWj fl W). The 
group G is totally disconnected and is left-invariantly ultrametrizable (see 
§8 and Theorem 5.5 |13| and §6.2 consequently, in each neighbourhood 



of e there exists a clopen subgroup in G. Then conditions of Theorems 2.13 
and 2.14 are satisfied. Therefore, analogously to §2.15 there are S, 7 and 
the stochastic process corresponding to /is,7,q or fis such that the transition 
measure P is quasi-invariant and pseudo-differentiable relative to G'. 

2.18. Theorem 2.15 gives the subgroup G' concretely for the given group 
G, but Theorem 2.17 describes concretely G' only for the case of G satisfying 
the Campbell-Hausdorff formula. For a Banach-Lie group not satisfying lo- 
cally the Campbell-Hausdorff formula Theorem 2.17 gives only the existence 
of G'. 

These transition measures P =: u on G induce strongly continuous uni- 
tary regular representations of G' given by the following formula: Tj^f{g) : = 
iu\dg)/i.idg)f/'fih-'g) for / G L\G,u,C) =: H, T,^ G UiH), U{H) de- 
notes the unitary group of the Hilbert space H . For the strong continuity of 

the continuity of the mapping G' 3 h ^ p^{h,g) G L^{G, u, C) and that 
u is the Borel measure are sufficient, where g & G, since G is the Polish space 
and hence the Radon space (see Theorem 1.1.2 On the other hand, the 
continuity of Pu{h, g) by h from the Polish group G' into L^{G, z/, C) follows 
from pi,{h,g) G L^(G, z/, C) for each h E G' and that G' is the topological 
subgroup of G (see ||TT|| ). 

Then analogously to §2.15 there can be constructed quasi-invariant and 
pseudo-differentiable measures on the manifold M relative to the action of the 
diffeomorphism group Gm such that G' C Gm- Then Poisson measures on 



configuration spaces associated with either G or M can be constructed 
There exists the stochastic process corresponding to ps,-y,q with the certain 
choice of a, E and ak^i such that the regular representation is irreducible, 
for the stochastic process corresponding to /ig it can be taken the family of 
{fk : k} and a, E and a^^i such that the regular representation is irreducible. 

More generally it is possible to consider instead of the group G a Polish 
topological space X on which G' acts jointly continuously: (p : (G" x X) 3 
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{h,x) ^— s> hx =: (j){h,x) G X, 4>{e,x) = x for each x G X, (j){v,(f){h,x)) = 
(j){vh,x) for each v and h & G' and each x G X. If is the Borel function, 
then it is jointly continuous |TT]]. From §11.3.2 PB[ (see aslo PT], EBI, |2B|) there 



is the following result. 

Theorem. Let X he a Polish topological space with a a-additive a-finite 
nonnegative nonzero ergodic Borel measure v quasi-invariant relative to a 
Polish topological group G' acting on X by the Borel function (p. If 

(i) spcii^l ^(g) '■= {i^^{dg) / ^{dg))^^"^ 1 h G G'} is dense in H and 

(ii) for each fij and f2,j in H, j = 1, ...,n, n G N and each e > there 
exists h e G' such that \(Thfij, f2,j)\ < e|(/i,j, /2,j)|, when \{fij,f2,j)\ > 0. 
Then the regular representation T : G' ^ U{H) is irreducible. 

There can be used pseudo-differentiable measures of order / either for each 
/ G N or — / G N, that is used for the verification of Condition {{). Transition 
measures corresponding to stochastic processes that are quasi-invariant and 
pseudo-differentiable of each order 6 G C with Re{b) < can be constructed 
analogously starting with the corresponding measures ns- To satisfy the 
conditions of this theorem, for example, in §2.15 it can be taken a = 0, E 
nondegenerate independent from t and each ak,i = besides ao,i = 1; in §2.17 
it can be taken a = 0, E nondegenerate independent from t and ak,i defined 
by the exponential mapping for G. 

In view of Proposition II. 1 |^ for the separable Hilbert space H the 
unitary group endowed with the strong operator topology U {H)s is the Pohsh 
group. Let U{H)n be the unitary group with the metric induced by the 
operator norm. In view of the Pickrell's theorem (see §11.2 |2^): if vr 



U{H)n — > U{V)s is a continuous representation of U{H)n on the separable 
Hilbert space V , then vr is also continuous as a homomorphism from U{H)s 
into U{V)s- Therefore, if T : G' — >■ U{H)s is a continous representation, 
then there are new representations tt o T : G' U{V)s- On the other 
hand, the unitary representation theory of U{H)n is the same as that of 
U^{H) := U{H) n{l + Lo{H)), since the group Uoc{H) is dense in U{H)s. 

Two theorems about induced representations of the dense subgroups G' 
were proved in ET^, which are also applicable to the considered here cases. 
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3 Stochastic antiderivational equations and 
measures on a loop monoid and a path space. 

3.1. Theorem. On the monoid G = Q^{M,N) from %2.3.1 and each bo G 
C with Reipo) > there exists a stochastic process rj(t,uj) on G such that 
the transition measure P is quasi-invariant and pseudo-dijferentiable of each 
order 6 G C with Re{b) > i?e(6o) relative to the dense submonoid G' := 
^(M, N) from %2.8 (with c>Q andd >Q). 



Proof. In view of Lemma 1.2.17 23 it is sufficient to consider the case 



of M with the finite atlas At\M). The rest of the proof is quite analogous 
to that of Theorem 2.15 using the definitions of the quasi-invariance and the 
pseudo-differentiability for semigroups from §2.7. 

3.2. Definition and Note. In view of §2.5 each space A^^ has the 
additive group structure, when N = B(Y, 0, R), < R < oo. 

Therefore, the factorization by the equivalence relation x id produce 
the monoid of paths Cq{^, M ^ N)/ (K^xid) =: Sg(M, A^) in which composi- 
tions are defined not for all elements, where yiidy2 if and only if yi = y2 ^ N. 
There exists a composition /1/2 = {9192, y) if and only if 1/1=1/2 = y, where 
fi = iauVi), 9i e Vt^{M,N) and yi e N^, i e {1,2}. The latter semigroup 
has elements Cy such that f = Cy o f = f o Cy for each /, when their compo- 
sition is defined, where y G A^^, / = {g,y), g G Q^{M,N), Cy = {e,y). If A^^ 
is a monoid, then S^{M,N) can be supplied with the structure of a direct 
product of two monoids. Therefore, P^{M,N) := L^{M,N) x A^^ is called 
the path group. 

3.3. Theorem. On the path group G = P^{M,N) from ^3.2, when 
N = B(Y,0,R) and is supplied with the additive group structure, and 
each bo E C with Reipo) > there exists a stochastic process rj{t,uj) for 
which a transition measure P is quasi-invariant and pseudo- difjerentiable of 
each order 6 G C with Re{b) > Re{bo) relative to a dense subgroup G' . 

Proof. Since P^{M,N) = L^{M,N) x N^, it is sufficient to construct 
two stochastic processes on L^{M,N) and A^^ and to consider transition 
measures for them. In view of Theorems 2.15 and 2.17 the desired processes 
and transition measures for them exist. 

3.4. Definition. Let the topology of Q^{M,N) be defined relative to 
countable At{M). If F is the free Abelian group corresponding to Q^{M, N), 
then there exists a set W generated by formal finite linear combinations over 
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Z of elements from Cq{C,, (M, sq) — > (A^, yo)) and a continuous extension K^^ of 
onto iy^(M, iV) and a subset i? of generated by elements — [/] — b] 
such that W^{M, N)/K^ is isomorphic with L^{M, N), where 

W^{M,N) := W/B, 

f and e Co(^, (M, sq) — ^ (-^, yo)), [/] is an element in W corresponding to 
/, is in a topology inherited from the space Cq({, (M, Sq) — > {N^Uq))'^ in 
the Tychonoff product topology. We call W(^{M,N) an 0-group. Clearly 
the composition in Cq(^, (M, Sq) — >■ {N^yo)) induces the composition in 
Wg(M, A^). Then W^(M, A^) is not the algebraic group, but associative com- 
positions are defined for its elements due to the homomorphism x* given 
by Formulas 2.3.2.(5,6), hence W(^{M,N) is the monoid without the unit 
element. 

Let iih{A) := ii{h o A) for each A e Bf{W^{M, N)) and h e W^{M, N), 
then as in §2.7 we get the definition of quasi- invariant and pseudo-differentiable 
measures. 

Let now G' := wI''\m,N) be generated by C°{;.}(^, (M, sq) ^ (iV,0)) 
as in §2.8, then it is the dense 0-subgroup in W^{M, N), where c > and 
c' > 0. 

3.5. Theorem. Let G := W^{M,N) he the 0-group as in ^34, At{M) 
be finite and bo E C with Re{bo) > 0. Then there exists a stochastic pro- 
cess r){t,u}) on G for which the transition measure P is quasi-invariant and 
pseudo-differentiable of each order 6 G C with Re{b) > Reibo) on G relative 
to a dense O- subgroup G'. 

Proof. The uniform space Cq(^,M — > N) has the embedding as the 
clopen subset into (7° (^, M — > Y). Here we can take a e TG' and A e 
Li,si^,T) without relations with DL^, where s = q ot s = 1 respectively. 
Then repeating the major parts of the proof of §2.15 without and so 
more simply, but using actions of vectors fields of TG' by px on G we get 
the statement of this theorem, since {Dxpx)y and [(Vx)"(-DxPx)]^ are 
products of two operators of of class L„+2,q((TG")""'"^, TC) and also of class 
Lr,+2,i{{TGT+^,TG) for each C~-vector' fields X and Y on G' and each 
n G N. In view of §2.16 there exists a stochastic process r]{t,uj) for which 
the transition measure P is quasi-invariant and pseudo-differentiable relative 
to each 1-parameter diffcomorphism group of G' associated with a Ug x Uy- 
C°°-vector field on G'. 
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